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Abstract. Even with the introduction of supercharacter theories, the representation
theory of many unipotent groups remains mysterious. This paper constructs a family
of supercharacter theories for normal pattern groups in a way that exhibit many of the
combinatorial properties of the set partition combinatorics of the full uni-triangular
groups, including combinatorial indexing sets, dimensions, and computable character
formulas. Associated with these supercharacter theories is also a family of polytopes
whose integer lattice points give the theories geometric underpinnings.
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1 Introduction

Supercharacter theory has infused the representation theory of unipotent groups with
the combinatorics of set partitions. Specifically, set partitions index the supercharac-
ters of the maximal unipotent upper-triangular subgroup UT of the finite general linear
group GL [2, 13], and similar theories exist for the maximal unipotent subgroups of
other finite reductive groups [3, 4]. However, while there are supercharacter theories for
other unipotent groups, they do not generally exhibit this computable and combinato-
rial nature. This paper seeks to define a natural family of supercharacter theories for the
normal pattern subgroups of UT. As an added bonus, we not only obtain a combinato-
rial description for these theories, but also gain geometric underpinnings coming from
a family of lattice polytopes.

Diaconis-Isaacs defined a supercharacter theory of a finite group G as a direct ana-
logue of its character theory, where they replacing conjugacy classes with superclasses
and irreducible characters with supercharacters [9]. Their approach is based on An-
dré’s adaption of the Kirillov orbit method to study UT, and the underlying axioms
are calibrated to preserve as many properties of irreducible characters and conjugacy
classes as possible. For example, the supercharacters are an orthogonal (but not gen-
erally orthonormal) basis for the space of functions that are constant on superclasses.
This definition has given us new approaches to groups whose representation theories
are known to be difficult (eg. unipotent groups). Not only can these new theories be
combinatorially striking [1], but they can also be used in place of the usual character
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theory [5] in applications, they give a starting point in studying difficult theories [10], or
give character theoretic foundations for number theoretic identities (eg. [6, 11]).

The supercharacter theories of this paper are fundamentally based on André’s orig-
inal construction for UT [2] and Diaconis-Isaacs’ later generalization to algebra groups
[9]. These constructions use two-sided orbits in the dual space ut* of the corresponding
Lie algebra ut of UT to construct the supercharacters. In the algebra group case the group
UT acts on ut* by left and right multiplication (technically pre-composition by left and
right multiplication on ut). In this paper we modify this construction by instead acting
by parabolic subgroups of GL. The resulting theory is coarser but far more combinatorial
in nature. In particular, we obtain statistics such as dimension, nestings and crossings
that generalize the corresponding set partition statistics [8], and in Theorem 4.4 we give
a character formulas with a “factorization" analogous to the well-known UT-cases.

For each supercharacter theory there is an associated polytope whose integer lattice
points index the supercharacters of the theory. Thus, the supercharacter theories could
in principle give a categorified version of the Ehrhart polynomials of these polytopes.
These polytopes include all transportation polytopes [12], and may be viewed as a fam-
ily of subfaces of transportation polytopes. This point of view not only gives a geometric
approach to these supercharacter theories, but it also re-interprets set partitions as ver-
tices of a polytope. Since I am unaware of other contexts where these polytopes may
have been studied, I will refer to them as unipotent polytopes. At present we do not
understand the significance of this geometry in the representation theory of unipotent
groups, and this seems to be a promising direction for future work.

2 Preliminaries

This section reviews the relevant unipotent groups, a combinatorial interpretation of
normality, and some of the standard supercharacter theories for these groups.

2.1 Normal pattern groups

Let \V be a fixed total order of a finite set with N elements and fix a finite field IF, with g
elements (eg. the total order 1 <2 < --- < N). Let GLs denote the finite general linear
group on matrices with rows and columns indexed by our finite set in the order dictated
by N. If char(FF;) = p, then a Sylow p-subgroup of GL, is the subgroup of unipotent
upper-triangular matrices

UTy = {g € GLy | (§ —Tdn)ij # 0 implies i < j}, and uty = UTy —Idy

is a corresponding nilpotent [Fj-algebra. If n < uty is any subalgebra, then we obtain
a subgroup Idy + n < UTys called and algebra subgroup. If P is a subposet of N on the
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same underlying set, then we call the algebra subgroup
UTp = Idy +utp < UTy, where utp = {x € uty | x;; # 0 implies i <p j},

a pattern subgroup of UT ys. Note that transitivity in the poset P exactly implies that UTp
is closed under multiplication.

In general, a subposet P of a poset Q does not give a normal subgroup UTp of UTg.
However, there is a straight-forward condition on the poset that characterizes this group
theoretic condition: a subposet P < Q is normal if j <p k implies i <p k and j <p [ for
all i <g jand k <g I. In this case, we write P < Q.

There are a number of combinatorial interpretations of normal posets of the total
order N. For N € Z-, let Dy denote the Young diagram (N —1,N —2,...,1), where
we right justify the rows. For example,

Ds = |

Proposition 2.1. There are bijections

Dyck paths from - normal sub- - sub-Young
(0,0) to (2N, —2N) posets of N diagrams of Dy
dp <« P — Pp.

where (2i —1,2j — 1) is NorthEast of dp if and only if i <p j if and only if (i,]) € Fp.

Example. For example, if 2N = 10, then
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where the shaded region accentuates the relevant points NorthEast of the Dyck path.

2.2 Supercharacter theories of unipotent groups

Supercharacter theories for finite groups were first defined in [9], generalizing work by
André studying representations of UT s (a series of papers starting with [2]). There are
numerous equivalent formulations of a supercharacter theory, but the following seems
most suitable for the purposes of this paper.

A supercharacter theory (KC, X') of a finite group G is a pair, where K is a partition of
G and X is a set of characters, such that
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(SC0) The number of blocks of K is the same as the number of elements in X'.
(SC1) Each block K € K is a union of conjugacy classes.

(SC2) The set
Xc{0:G—-C|0(g)=06(h),g,heK,Ke K}.

(S8C3) Each irreducible character of G is the constituent of exactly one element in X.

We refer to the blocks of K as superclasses and the elements of X as supercharacters.

While we have many ways of constructing supercharacter theories, general construc-
tions are not well-understood. That is, given a finite groups, it is a hard problem to
determine its supercharacter theories. Some groups have remarkably few supercharac-
ter theories, such as the symplectic group Sp,(IF,) with exactly 2 [7], and some groups
have surprisingly many, such as C3 x Cg with 297 distinct supercharacter theories. How-
ever, for this paper we follow the basic strategy laid out by [9] for algebra groups.

Let Idy +n < UTy be an algebra subgroup. Then Idy + n acts on both n and its
vector space dual n* by left and right multiplication, where

(a-y-b)(x) =y(atxb™1), fora,beldy+mn, xen, yen™.

Fix a nontrivial homomorphism ¢ : IFI;r — GL1(C) = C*. In this situation [9] define a
supercharacter theory given by

AG-superclasses. The set partition {Idy + (Idy + n)x(Idy +n) | x € n} of Idy + n.

AG-supercharacters. The set of characters

(he- X oexiyent)

ze(Idy+n)y(Idy+n)

Remark. In the case where n = utyy, this supercharacter theory gives a nice combinato-
rial theory developed algebraically by André [2] and more combinatorially by Yan [13].
However, in general even this supercharacter theory may be wild for algebra subgroups.
In fact, we do not even understand it for pattern subgroups.

3 Block normal pattern subgroups

In this section, we build a family of pattern subgroups of UT; they will all be normal,
and each will have a family of supercharacter theories, defined in Section 4. The choice of
a subgroup with an associated supercharacter theory will determine a polytope, giving
the theory a geometric foundation.
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3.1 Parabolic posets and UTjy

We begin by defining a family of unipotent groups that appear naturally in the theory
of reductive groups, the unipotent radicals of parabolic subgroups. It turns out that for
GL)/, these unipotent groups are pattern groups and their associated posets are easy
to characterize. In Section 4, each unipotent radical UTg will determine a family of
supercharacter theories.

A subposet Q is parabolic in N if there exists a set composition (Qy, Qa,..., Q) of
the underlying set such that 2 <g b if and only if 2 € Q; and b € Q; with i < j. These
subposets are necessarily normal, where the corresponding Dyck path always returns
down to the diagonal before moving right again. We will write Q <, NV.

Since given a total order A the sizes of the blocks of the set composition completely
determines Q, we deduce the following proposition.

Proposition 3.1. There is a bijection

bdrv - Parabolic sub-| [ integer com-
Y* posets of N positions of N

Q = (1Qil],- -, [Qel)-

For an integer composition § = N and an underlying total order )V, define

(note that bdry ™! (8) makes no sense without ).
Every parabolic subposet Q in N with B = bdry(Q) has a corresponding Levi sub-

group

GLg, | 0 [---] 0

Ly— |0 |Cls 2
S T O
0 | - |0 |GL,

such that UTg is the unipotent radical of the parabolic subgroup
P,B = Lﬁ X UT‘B = NGLN(q)(UT,B)

Remark. The Lie theoretic language of parabolics, Levis and unipotent radicals is merely
given for context. The reader is welcome to ignore the terminology and focus on the
definitions.
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3.2 Unipotent polytopes and UT g p)

Fix an integer composition B = (B1,...,B¢) &= N and let P be a normal subposet of
1 <2 < --- < ¢ with corresponding Ferrers shape F. The unipotent polytope (B, P) is the

convex polytope in the positive quadrant ]R'ZFJ) determined by the inequalities
i<'pj j<73k

Remark. If F is the Ferrers shape corresponding to P, then one may view the unipotent
polytope as possible fillings of the boxes of F by non-negative real numbers such that
the row and column sums are bounded by S.

Examples.

(E1) If B = (2,3,1,1,5), and

then the equations x15 < 2, x5 < 3,x35 < 1, x15 + X25 + x35 < 5 give the polytope

X15

X25

X35

(E2) In general, the unipotent polytopes (B, P) where the corresponding Ferrers shape
Fp is a square are transportation polytopes (with a few additional faces). They are
a subfamily corresponding to abelian unipotent groups. In this case, the bounds
on the row sums and and the bounds on the column sums are independent.

If bdry ! (B) has corresponding set composition (Qj, ..., Q;), then a unipotent poly-
topes (B, P) determines a subgroup

UT(g,p) = UTgag,(p) = UTp, (3.1)
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where fatg(P) is the subposet of bdry ' (B) given by
a <fat/5(P) b if and only if ae Qi, be Q] with i <p ]
Remark. For a fixed total order N with N elements, the function

unipotent polytopes|  { normal sub-
(B,P) with |B| = N groups of UT s

(B, P) - UTg,p)
is not injective, since, for example,

10 (2,2),
01

*

UT _
(9,11
1 2

S O O
O O = O

On the other hand, for a fixed 8 = N, the function is injective (as P varies).

4 Parabolic supercharacter theories

The data in a unipotent polytope (B, P) also gives a natural supercharacter theory to a
corresponding unipotent group UT g py. This section defines this theory, shows that the
supercharacters/superclasses are indexed by the integer lattice points contained in the
polytope (B, P), and then gives character formulas.

4.1 Supercharacter theories and their index sets

Let (B, P) be a unipotent polytope with B = N. Then, as before, we have
utgpy = UT(gp) —Idy and ut’("ﬁ/p) = Homg, (ut(g,p), Fq).
The group Pg acts on both ut(g py and utZ‘ﬁ’P) by left and right multiplication, where
(a-y-b)(x) =y(alxb™!), forxe utgp), Y € utZ‘ﬁ’P),a,b € Pg.
These actions give a natural supercharacter theory for UT (g p).
Pg-superclasses of UT g p). The set partition {PgxPg +Idy | x € utg p)} of UT(g p).

Pg-supercharacters of UT g p). The characters

{leg | PgyPg € Pﬁ\ut’(kﬁ,p)/Pﬁ}, where )(% = Z doz. 4.1)
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Proposition 4.1. If (B, P) is a unipotent polytope, then the Pg-superclasses and the Pg-super-
characters form a supercharacter theory of UT (g p).

Remark. For y ut’(kﬁlp), define the UT(g p)-module M” by a C-basis

{(z]| z € PgyPg}

with an action

u - =do z(u’l — Id|ﬁ|) foru e UT('B,p), zZ € PﬁyPﬁ-
The trace of MY is the supercharacter 7(%.
For a unipotent polytope (B, P) with Fp as in Proposition 2.1, let
ﬁ )& F’p — Z>0
Tp = { (i,) — ‘ Zk: Ajk Z Aij < SJ< g}
(j.k)eFp (IJ)GFP

be the set of Z-p-lattice points contained in or on (B,P). The following theorem es-
tablishes the connection between Pg-supercharacter theories and Z-lattice points in
unipotent polytopes.

Theorem 4.2. For (B, P) a unipotent polytope,

{ Pg-superclasses } TP { Pg-supercharacters }
OfUT(‘B,'p) P OfUT(‘B,'p)

Examples.

(E1) The set

2 2

T _ ) 0] 4 4 [0] 4 4
/3\ o 1 ’ 1 ’ 1 , 1 ’ 1 ’
o2 2 2 2
where the entries shaded in gray give the bounds for each row and column.

(E2) If p = (1", n) with m < n and

m+1

" 1{/\711

then 7'75 is the set of vertices of the m-dimensional hypercube.
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(E3) If N = 2m, and
m+1_m+2 N

N
) is the usual basis for the rook monoid.

then 7'7§

(E4) If N is a total order of a set A, then the set T/\(/l R is in bijection with the set of set
partitions of A.

4.2 Supercharacter formulas

There are a number of statistics that arise naturally in the Pg-supercharacter theories.
They naturally generalize their set partition analogues in the P(;n)-supercharacter theory
of UT s (see [8] for a more general algebraic framework for these statistics).

For A e 7‘75 with Q the usual linear order on {1,2,...,¢(B)}, there are a number of
ways to measure the “size" of a A. For example,

Al =D Ay
i<pj
measures the lattice distance to the origin of the lattice point in the unipotent polytope.

However, geometric interpretations of the other statistics are unknown (at least to me).
Having more to do with the dimension of the corresponding modules,

dimg(A)= D Axp; and  dimg(A)= ] Ayp;

i<pj<gk i<gj<pk

give the left and right dimensions of A (respectively). Note that if P = Q, then dimg(A) =
dimp (A). To account for over-counting, we also require the crossing number

crs(A) = Z AikAji

i<gj<pk<gl

of A. Lastly, if u € 7’75 , the nestings of p in A are

A
nsty = Z Ail,ujk'
i<7>j<7)k<7>l
Example. if 5 = (3,6,3,4,5,1),

3 [2]0]1]0 3 |o0]1]0]1
A= 6(0[0[1]1 and M= 6/1]0]|2]0
3(0(11]0 3(1(2(0

4 4

5 5



10 Nathaniel Thiem

then

A|=6-0+4-1+1-2

1-B+4)+1-3+4)+ 1-4 +1-(3+4+5)
210{1]o0 2/0(11]0 210110 2|10(1]0
: _ |ojo]1]1 ofof{1]1 ojof1]1 ofof11]
dimy (1) 3lo]1]o 3lo[1]o oo 3lo[1]o
4 4 4 4
5
dimg(A) =2-6+1-(6+3)+1-3+1-3
nsty =1-1+3-1-1+2-1
2.1+ 21 4+ 1-1
crs(A) = [2ol1]o]  [2Jo[1]o] [2]0[iJ0
ofoi]1] [ofofr[i] [ofof1i]
0]1]0 010 0]1]0

The most basic case for us is when the polytope is a line segment, so consider the
case where

TWH—V!
m+1 m+2 m+n .

B =(mn), Q=bdry '(B)= M for N =" 2
SR T

1

Then
_ Idy | A ~ (Tp+\mn
UT(ﬁ,I)_{{ 0 Idn] ’Aemen(]Fq)}:(qu) )

In this case, the superclass of

Ic(1)m Iﬁ ] is determined by rank(A) e E(m’n) ={0,1,..., min{m, n}}.
B n
For n, ke Z-, let
nl [n]! L o g -1
R e R

Theorem 4.3. If 0 < j,I < min{m, n} and Uiy = Idyn + eij) € UT(g,0), then
) _ bir()|1] b
K (p) = >3 (=1)7g"+ ) u X(m—jn—j) ()
q

where

I m| |n m x n matrices
XEJLH)(WO)) = |GL;(IFy)| { z] H = #{ of rank | } '
qL=dq
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Remark. We use the convention that |GLy(IF;)| = 1.

Let (B, P) be an arbitrary unipotent polytope. For A, u € TE let

OCL\Z {GD]j<pl} — Z>0 x Lo

(.1 = (ﬁj— DUoHp— D, AmBi— Y k- ZM)

j<pk<7)l l<73m j<pk<pl i<7)j

For example, if 8 = (3,6,3,4,5,1),

then

_[2T0]170
/\_001

_
=
|
_
o
N
o

o
—
—
N
o

o[1]o[1 270170 o[1]o]1 27010
locy,(2,5) /52—100 —001,/35—100—001
1]2]0 ol1]o 1]2]0 ol1]0
=6-(1+0)—-1,5-2-1)
= (4,2).

Theorem 4.4. For A,y € ’7}5 and uy, = 1+ey,

A qdimL(/\ )+dimpg (A
Xp (ul’l) - qnst/\—i-crs H Xlocy (G Vﬂ))'
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